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Weakly Gibbsian Measures for Lattice Spin Systems
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We present a weaker notion of Gibbs measures by requiring that only an
almost everywhere absolutely summable potential is given. This has recently
appeared in the context “Gibbsian versus non-Gibbsian measures”. We give a
first exploration of the main features of this weaker notion. We concentrate on
the questions of where do weakly Gibbsian measures appear and what remains
of their thermodynamic description.

KEY WORDS: Renormalization group pathologies; Gibbs measures; trans-
formations.

1. INTRODUCTION

Recent years have produced a remarkable effort for understanding the
occurrence and properties of non-Gibbsian states, contrasting the earlier held
belief that in most cases the relevant states can be described in terms of Gibbs
measures. The main sources of non-Gibbsian states are real-space renor-
malization group theory, 1> 16.20-10-9.8) jnteracting particle systems,(** 237
and other fields of applied probability theory.(% %2728 31.36,19.32.17.11)
Recently it was realized that at least for some non-Gibbsian states a Gibbsian
description in terms of an interaction potential can be restored. More
precisely, in refs. [5, 1, 30] a full measure subset of configurations is con-
structed on which a potential can be defined.

In this paper we are taking up this approach and we are asking in
what generality we can give a working definition of weakly Gibbsian states
that are bearing the main features of usual Gibbs measures. First we intro-
duce the notion of weakly Gibbsian measures in a general context. Then we
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will concentrate on non-Gibbsian measures obtained by transforming
Gibbs probability measures, and give a criterion for their weak Gibbsian-
ness. We argue, by using stochastic-geometric methods, that the occurrence
of weakly Gibbsian states is ubiquitous in typical Pirogov-Sinai situations.
We end by discussing the thermodynamic functions and their relation in a
variational principle. Also, many open questions are discussed.

2. DEFINITION OF WEAKLY GIBBSIAN MEASURES

On the d-dimensional lattice Z¢ a spin variable o(x) € S belonging to
a fixed finite set S is assigned to each site xeZ“. The full configuration
space is 2 = S and it consists of all configurations o = (o(x), x € Z¢). For
an 4 =Z9 we write 2 , = S, and the restriction of a 6 € 2 to Q , is denoted
by o ,. The symbol & is used for the collection of all finite subsets B < Z¢,
and we put |B| for the cardinality of B. For 4 ¢ Z% A°=Z\A stands for
its complement. Q is equipped with the product topology and with its
associated. Borel o-field #. For 4 7% %, % is the sub-g-field of all
events occurring in 4 < Z¢ (generated by the functions o+ g(x), xe 4).
Lattice translations 6 _, xeZ“ are first defined on configurations by
(8,.0)(y) =o0o(x+ y), and their obvious extension to functions on Q and to
probability measures on (2, &) are further also considered.

We consider a non-empty translation invariant subset of configura-
tions K < 2, which we assume to be a tail event (i.e., to be belonging to the
tail field J =\p.s Fp). We require that the configuration 7,0, =
(n(x), xe 4; 6(x), xe A°Ye K, whenever o€k, for all 41e& and neL.
Hence every n € Q can be approximated by elements of K (X is not closed
if K#82).

The elements of K will be viewed as typical configurations related to
an interaction U given between the spins. This interaction is defined by a
family of bounded functions Uy,: Q;— R, for Be £. Each U, depends only
on spins inside B, and we put U, =0. We assume that this interaction is
translation invariant. More importantly, we assume that the energy of a
configuration ¢ € K due to the interaction of the spin at x € Z¢ with the rest
of the system is bounded: For each xeZ“ and o€ K, there exist bounds
b.(0) < oo for which

Y. 1Us(0)| <b (o) =b(0,0) (2.1)

B>x

These bounds should be thought of as functions growing with the size of
the “bad” cluster around xeZ“ in which the configuration is “untypical”.
This will become clearer later on. For the moment it is useful to think of
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the set K as consisting of configurations which in some sense resemble a
reference configuration te Q2 for which 3 .. |Ug(1)} < o0, uniformly in
xeZ? We therefore call te K a “reference configuration” for the inter-
action {Upg} g, if for all €2 and 4, Be & we have :

[Us(0.47 4l S |Us(0)] c(7) + ¢ (1) (2.2)

with ¢(7) < o0 and sup, Y 5. . c5(7) < 0.
The Hamiltonian for a configuration 6eQ on Aeé&, and free
boundary condition is

H ()=}, Uslo) (2.3)

Bc 4

It only depends on o ,. Similarly, with boundary condition reK, the
Hamiltonian

Hiy(o)= Y Uslo,74) (24)

B+

stays well defined. In particular, the interaction energy
Iy w(o)=Hy wl(6})—Hy(c)—H,/(0) (2.5)

for finite sets ¥'n W= ¢J is bounded by

Iy vdloyt,) < Y bY(oyty,) (2.6)
xeV
with
bim= 3 |Us(n) 2.7)
Br\BVa‘—:ég’»
and ,7e kK

The finite volume Gibbs measure with respect to the Hamiltonian H°,
is the probability measure on (2, &) defined by

1 . . _
yi(o) =1 Z, exp[ —fH {o)] f o4 =T, (2.8)

0 otherwise
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Here

Zy= Y exp[—pH(0)] (2.9)

cef2,

is the partition function (normalizing (2.8)), and f is the inverse absolute
temperature. Without loss of generality we have chosen the counting
measure on S as a priori measure. Note that y’(K) =1, since 0,7, €K
whenever 7€ K.

As usually, the Dobrushin operators y,,, 4 €&, can be defined as

YY) =77(S)
= [ y1(do) f(@)

= Z o 41 .4)77(0)

oef,

for all bounded # -measurable functions f on 2, but only for # € K. Clearly,
since y ,(K) =1, for every A' = A, y,, oy 4 is well defined and the Dobrushin
consistency y, ¥, =7y, holds (ie., the specification property). Notice that
if f is a bounded and local function (that is, it only depends on the spins
of a volume A), and if r € K is “a reference configuration”, then

Tim [7(N(1) =7 )m)] =0 (210)

for all 7€ K, where 1=y, 7, €K is a sequence of configurations corre-
sponding to an increasing sequence of cubes {A4,} of Z“ This is what
remains of the notion of quasilocality of specifications.!'® " Quasilocality
is a topological notion and it does not seem compatible with the measure
theoretic approach taken here (see also ref. [1]). Nevertheless, one can
seek to obtain quasilocality on smaller spaces (in the same way as we have
summability on a smaller space here). For details we refer to refs. [25],
[24]: pp. 77-80, [11].
Inspired by the above, we introduce the following concept:

Definition 2.1. We say that a probability measure v on (2, #) is
a weakly Gibbsian measure for the set K and the interaction {Ug} g. s if

1. vK)=1
2. Wf)={xy(f)v(dr) for all bounded F-measurable functions f
and all 41€é&.
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Remark 2.1. It does not seem straightforward actually to charac-
terize the (K, {U,}) for which an infinite volume weakly Gibbsian state
exists. It may happen, for example, that although %, (K) =1 for each te K
and 4,€&, we have (lim, y, }(K)=0. The problem is that an accumula-
tion point of convex combinations of the finite volume Gibbs measures
(2.8) might fail to verify condition (1) of Definition 2.1 (condition (2) is
obtained by construction).

We have, however, the following result. Denote g 4.0y = S x 8.4(dt) %,
with some distribution ¢ of boundary conditions.

Proposition 2.1. Suppose v=1im, 01°75» 04(K)=1, and that
there are some 4,,(x) in # 4, such that

K= ) Au(x) (2.11)

I k>1!

If 4074 (A%,) are summable in &, uniformly in », then W(K)=1 and v is
weakly Gibbsian.

Proof. 'This follows by

WK)< T w(A) -0 (2.12)

k>1

asl— 0. |}

This is the situation in the examples in refs. [5, 1, 30] (see also
{2.16)—(2.18) below, and the set-up of Section 3).

In Preston’s book (ref. [33], pp. 33-45) a rather general condition for
the existence of an infinite volume Gibbs measure consistent with a given
specification was given. Even the structure he used is not general enough
for our purposes, and thence his results are not applicable for weakly
Gibbsian measures.

Remark 2.2. If in particular K=, ie. we are dealing with an
absolutely summable interaction on the full configuration space, then the
weakly Gibbsian measure v is in fact a Gibbs measure (in the usual sense).
Clearly, if { U} is a uniformly short range interaction, i.e. Uz =0 whenever
diam B> R for some R>0, then K= Q.

Remark 2.3. In terms of conditional distributions, (2) in Definition
2.1 is equivalent to

Va(- | Oqe=T4)=75(") (2.13)
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where the right hand side is defined only for 7€ K. The left hand side is the
conditional probability for the weakly Gibbsian measure v in 4 which is
defined almost surely. Therefore the equality holds almost surely.

Remark 2.4. Given a weakly Gibbsian measure v for (K, {Uz}) we
can ask whether another, “non-equivalent” (K, { U} ) exists for which v is
also weakly Gibbsian. It is clear that one can find sometimes a different
K#K so that v is weakly Gibbsian both for (K, {U,}) and (K, {U,}).
(For instance, this happens if Uy are invariant under a symmetry operation
R, and K= R(K) #K.) In this case we can take the “largest possible” set K.

Changing the potential is, however, a more subtle problem. It is rele-
vant for the question of multivaluedness of renormalization group trans-
formations (see the first fundamental theorem in ref. [ 10]). If we know that
a transformed measure v is weakly Gibbsian, the question still remains
whether the map vi— {Up} is multivalued or not. The broader question is
about how to fix the notion of physical equivalence in the weakly Gibbsian
context. Our remark here is that it can happen that v is a weakly Gibbsian
measure for some (K, {U,}) and at the same time v is a bona fide Gibbs
state for an interaction {Uj}, where {U,} € By, { U} € B, and {U,} is
physically equivalent with {U,} in Ruelle’s sense (see p. 929 in [10] for
notation and details). As an example, take cubes A4, <=Z¢ d>2, of sides
n=1,3,5, .., centered around the origin, and define for Ising spin variables
o(x)e{—-1, +1}

ao(x) if B={x}

1
% Y o(x) if B=4A,+y,forsomeyeZ’

xe B

Us(o) = (2.14)
andsomen=1,3,5, ..

0 otherwise
We can choose « finite such that {U,} is physically equivalent (in Ruelle’s

sense) to {(7 5=0}. So the Bernoulli measure v with v(o(x)=1)=1/2is an
infinite-temperature Gibbs state while

Y a(x)

x€eA,

1
Y | Us(a)=a+ Y = (2.15)

B30 n=3,5.."-
converges v-almost surely (for d > 2).
Remark 2.5. Remarks 2.1 and 2.4 above are examples of questions

asking what remains of the standard theory of Gibbs states in the context
of weakly Gibbsian states. Here we give a list of “first”, most immediate
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problems one has to face when taking on the weakly Gibbsian set-up
(on the solution of which the proof of the “title statement” of ref. [1]
would also depend):

(i) the problem of existence of infinite volume weakly Gibbsian
measures (Remark 2.1)

(i) the problem of physical equivalence of interactions (Remark 2.4)

(iii) equivalence between the Minlos-type definition of an infinite
volume weakly Gibbsian state and the DLR-type definition given above
(see (2) in Definition 2.1)

(iv) the meaning of a macroscopic state, extremality and phase
diagram

(v) when is an interaction weak?; can one make a theory of unique-
ness of weakly Gibbsian measures?

(vi) variational principle for weakly Gibbsian measures

(vii) large deviation theory to weakly Gibbsian measures

Remark 2.6. A last remark concerns the relevance of developing a
theory of non-Gibbsian states. Should one not be content merely with
seeing them appear in physically interesting models? Part of the answer
undoubtedly depends on how rich the resulting theory is, that is, to what
extent one is able to find a solution to the problems listed in the previous
remark. Examples can play an important role here, for instance in suggesting
additional natural assumptions on (K, { U,}). It may be useful, for example,
to assume that

k=) & (2.16)

K,={J Ki(x) (2.17)

Ki(x)= {aeQ : Vk?l-—l— Y Ha(y)=ty)>1 —s} (2.18)

IAkI y+ A4 #Ex

for appropriate {4,} ,,£>0, and a fixed finite set {t?}7_, of
“reference” configurations (I(-) is the characteristic function). We will see
this structure appearing in the following section.

More insight might be obtained from the theory of Gibbs measures for
systems of unbounded spins. There too one has to dispose of a set of “bad”
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configurations (which are growing too fast at infinity). One may ask how
to find a correspondence with the notions of superstable and (super)regular
interactions in order to find useful and natural conditions on upper bounds
of the Hamiltonians and interaction energies (see refs. [ 34, 35, 21, 23]). In
Section 4 below we will investigate some of these points for problem (vii)
of Remark 2.5, on what remains of the variational principle.

3. ON A CLASS OF WEAKLY GIBBSIAN STATES

The purpose of this section is to describe a framework in which the
notion of weakly Gibbsian states naturally arises, and to give a condition
under which weak Gibbsianness holds. In this section we consider a class
of weakly Gibbsian measures which appear as transformations of low
temperature Gibbs measures.

Consider, for simplicity, a translation invariant nearest neighbour pair
interaction U and suppose that te is a translation invariant ground
state, ie., forall e, 4e &, n=0,7,

Hol)= 3 [Unx),n(y)-Ua a)l=0 (3.1)

x, yezd
Ix—yl=1

holds, and where we have chosen t(x)=a. Using this v as a boundary
condition we consider the Gibbs measure uj; ,(c) for a finite volume A
and inverse temperature f. It is known that for a large class of models at
low temperatures (within the realm of the Pirogov-Sinai theory*®)), the
infinite volume measure pj exists independently of the particular sub-
sequence chosen in the thermodynamic limit. We can thus take an increas-
ing sequence of cubes A, centered around the origin and assume that
M 4, = Mg A stochastic-geometric characterization of the low temperature
phase 3 can be done relatively easily when the low temperature phase is
a perturbation of the stable ground state (see e.g. Chapter 18 in ref [13],
and also ref. [14]). When 7 is stable, typical configurations of u} consist
of, at least for sufficiently large B, infinite oceans of r-valued sites with
islands of arbitrary size and shape inside, on which the configuration is dif-
ferent from 7. The uj-probability of the origin belonging to such a dis-
agreement cluster of size (say, diameter) k decays exponentially fast as
k— oo, with a rate m =m(f) that goes to infinity as the temperature drops
to zero. In two dimensions, at least for certain models, this picture remains
valid in the whole coexistence region. Again, for details and precise
statements we refer to refs. [13], [14], and to [4] in particular for the two
dimensional Ising model.
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Consider now a sublattice rZ¢ (r>2) on which we fix an additional
internal boundary condition (it can also be seen as a constraint), i.e., we
take a £€Q and define

H5 () =up 4 (- lo=Con 4,0rZ (3.2)

In the same low temperature context as above, it seems natural to expect
that the stochastic-geometric characterization of ,u;;jn is very much similar
to that given above for uj 4,» at least when ¢ in some sense resembles t.
This last proviso that “£ resembles t” is certainly necessary for the state-
ment that “y};‘f resembles 43”, and we now make this more precise.
Write 2,:=S 2% and consider the growing sequence of volumes V, =
A, nrZ% k=1,2,.. together with their shifts V,(x)=(A,+x)NrZ¢
for xerZ® Remember that 7(x)=a, for all xe Z% with some aeS. The
frequency of agreement between £ e 2, and t in V, is measured by

agr (& D) = ¥ IE(x)=a) (33)
I Vkl xe Vk
Define now
Ki(x)={¢eQ,:Yk>1lagr, (& 1)>1—¢} (3.4)
K ={J Kj(x) (3.5)

1

for a suitable ¢ > 0. Clearly, K is translation invariant and a tail event. For
each £ € K™ and every x erZ? there is an /(&, x) < oo such that

agr, (&, 1)>1—¢ (3.6)

whenever k > I(£, x). In other words, & € K™ resembles 7 {(but not uniformly)
when considering the frequency of agreement over large enough regions
around any x € rZ¢

To obtain now a condition in terms of stochastic-geometric properties,
we consider for each couple of configurations (o,0') €2, x 2, the set of
sites xe 4, for which (o(x), o’(x)) #(a, a). A path of disagreement (with
respect to the ground state) joining a region 4 = A4, with a region B< 4,
AnB=¢j, is a sequence xy€4d,x,,X5,..,X,€B of ordered nearest
neighbour sites x; € 4, for which (a(x)), ¢'(x))) #(a,a), for all j=1,2, .., n.
Define the event

II(A, B)={(0,d) €R, XQ 4,
there is a path of disagreement from A to B} (3.7)
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Obviously, all of the above can be repeated for the cubes 4,(x)=4,+ x,
x€Z obtaining thus the analogues I7X(4, B) of 14, B)=1I1,(4, B). In
each of the cubes we consider V,(x), and define for £ Q,

y) i yeVix)

Sex(y)= {a it yerzA\V(x) (38)

Definition 3.1. We say that uj is a stable low temperature phase if
there exist real numbers C= C(f) < o0 and m=m(f) >0, with m(f) -
as f— oo, such that for each x € Z*

15 % 1 X 5 oI350, B) < Ce ™™ (39)
uniformly in #, whenever n> k> I(&, x), £ € K¥, and where O is the set of
nearest neighbour sites to the origin, and B=A4,,(x)\4,(x).

In typical Pirogov-Sinai situations condition (3.9) is satisfied but we
are not concerned with its proof here.

We will now investigate what are the consequences of condition (3.9)
of the stable low temperature phases for decimated Gibbs measures. Let us
consider

Vi (&)= ) nup (o) l(g=lonV,) (3.10)
"GQA,,
for{eQ, .
An important object to look at is the relative energy
Vi u($)
(&) = log ~2* 3.11
n(é) g v;' ”(60) ( )
obtained in the situation of having { €2, changed into &° Here
&(x) if x#0
0y} =
¢x)= {a if x=0 (3.12)

Next we take a sequence of volumes D, c rZ¢ constructed iteratively by
adding single sites D, =D, _, v {a,}, a, erZ with the properties |a,|>
la,_.], a,=0, Dy= (& and D,= {0}, and |a,| <|x|, for all xerZ? with
[x] > |a,_,|. Typically, for k ~n“ D, will have covered the set V,. We also
put

&(x) if xeD,

ké(x)={a if xerZ\D, (3.13)
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It is useful to think of D, as almost coinciding with some V,., and then
K&y, k(K'Y
By telescoping (3.11) we get

s(n)

hi(&) =Y, [h () —hi(*'8)] (3.14)
k=1
where s(n) is determined by the relation D, =V,. Note that °%¢ =7 and
hi(t)=0.
By putting

PUE) i=h (&) —h(*7'E) (3.15)
and by defining the function (remember 7(x) =a, for all x)

f_:"f(a)=exp<—/>’ » [U(a,a(y))—U(é(x>,a(y>)1) (3.16)

yily—xi=1

we arrive at the following

Lemma 3.1. For k>2 we have
®y(&) =log[ 1 + Y& u5 5 (55 5] (3.17)
where
WO =us 5 (f5 55 (fo5)e[e, o] (3.18)

for some finite ¢ >0 (d is the dimension of the lattice).
Here u(f, g) =u(fg) —u(f) pu(g) is the truncated correlation function.

Proof. We write

v () v (K18 v ()

D)= 3.19
HO) =loe o (M v v O

Moreover we have
V5il0) _ ZoeqMhafoMo="C on V) (320)

Vi ((56)°) Xpeq th 4(0) Ho=(*) on V,)
Lo=(*)onV,)=Io="¢on V,\{0}) (g =ain0) (3.21)

Hence, by an application of the finite volume DLR equations, (3.17)
readily follows. |}
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Furthermore, one can show that this truncated correlation function is
controlled by condition (3.9):

Lemma 3.2. For all £ we have
g S (55 Fo Sconst(B) uply xup [0, A\A)]  (3.22)

where const(f) =2e¥ 1=, | U], =sup, , s |Ulv;, )l

Proof. By making use of the ideas in ref. [3], or adapting almost
word for word the proof of Proposition 2 in ref. [30]. |

Hence we have

Proposition 3.1. If uj is a stable low temperature phase, then
there exist some numbers 0 <c(f) <0, and §(f) >0 with §(f)— < as
S — <o, such that

|PUE) < c(B) e~ "Dk (3.23)

for all £ e Kj(0) whenever k> I{¢, k).

The same analysis can be repeated for relative energies with respect to
changes in the configuration at a site x #0, xerZ<.

We want to mention that in ref. [ 18] a similar condition on truncated
correlation functions was considered to conclude that the transformed
measure is a Gibbs measure. The difference from our results is that there
a uniform control in ¢ has been applied.

By using Sullivan’s method (Theorem 1 in ref. [38]), we can construct
then an interaction { U} .z« 50 that lim, v} , = v} (always assuming that
this limit exists) is a weakly Gibbsian measure with respect to K= K" and
potential { U,}. This method was applied in ref. [30] to find that the pro-
jection to the line of the + phase in the low temperature two dimensional
Ising model is a weakly Gibbsian measure. In ref. [1] we find the proof
in the case of decimation applied for the same measure. An interesting
question (answered on the affirmative in ref. [1]) is whether the con-
structed potential is the same for different ground states 7'/,

We believe that the scenario sketched here for decimation remains
essentially unchanged for other (renormalization group-) transformations:
If we have a pure phase in the Pirogov-Sinai situation, the transformed
measure is at worst weakly Gibbsian. This would take care of a substantial
part of the Griffiths-Pearce-Israel pathologies described in ref. [10].
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4. THERMODYNAMIC FUNCTIONS AND
VARIATIONAL PRINCIPLE

In this section we present results on thermodynamic functions of
weakly Gibbsian measures, partly of a general validity and partly for the
class of weakly Gibbsian measures obtained from transformations of Gibbs
measures. We start with the general results and indicate when we switch to
the particular class. Throughout this section the inverse temperature will be
included in the Hamiltonian. Also, we denote by 2(K) the set of transla-
tion invariant weakly Gibbsian measures for the set K, which contains
configurations “typical” for an interaction { U,}.

The energy function

1
E = __UB 4.1
©)= L 15 Uto) @41

is defined for each o€ K. For ve#(K) we define the energy density as
e(v)=v(E)
Proposition 4.1. Suppose ve Z(K) such that v(b;) < 0. Then

o1 1
e(v)=11/rln|—A—|B§A ¥ UB)=11/1;nm v(H ,) (42)

(lmits are taken along increasing sequences of cubes).

Proof. By translation invariance, for each A€ &

1 1
=— — WU,y
=gz, 2w
1 1
= U — — (U 43
AR VTR T M I
BrnA‘#
The last term is bounded by
1 1
— Ugl)+— U 4.4
IA' = ng v(‘ Bl)+|Al ng ng V(l Bl) ( )
BA(d+x)+ A+x ¢ A

for every 4 € &. The second term in (4.4) is further bounded by
1

IAl[{xeA:A-%—xstA}lv(bo) 4.5)
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which goes to zero, for fixed 4, as 4 — Z% On the other hand, the first
term in (4.4) is identical to

Y wUg) (4.6)

B30
BrA“#

and it goes to zero by taking A arbitrarily large. |

Proposition 4.2. Take ve 2(K) with v(b,) < 0, and suppose that
7 e K satisfies the “reference” condition (2.2). Then

.1 .
e(v)=11/r!nm v(H?,) 4.7)

Proof. By comparison with the proof of Proposition 4.1, we must now
check that

1
L X Ut ~0 (48)
xed Bn[ita"-:ég

By using (2.2), however, this reduces to the proof of Proposition 4.1. }

Proposition 4.3. Take ve2(K), and suppose that there exists a
function ¥: N - R*, monotonically decreasing and 3=, ¥(n) n’~' < 0.
Assume, moreover, that

Hy wlo)l <t Y PUx—yDlA(o)+ £ ()] (49)

xeV
yeW

for all V, Weé&, Vn W=(J, with a non-negative measurable function
fla)=f(8.0), v(f.) <, for all xeZ Then we have

e(v)=limiv(Hj1) (4.10)
4 |A]
for every 7 e K for which
sup 3. H(lx—yD) fi{r) < (4.11)

x yez
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Proof. Take o€ K. We have

Iy 4lo)= Y  Uyo) (4.12)
BrnaA#g
BnA‘=
By comparing with the proof of Proposition 4.1 it is clear that we must
show that

I—;—Iv(lu,m(am)n—»o (4.13)

The assumption allows us to split off this expression into two terms. First
consider

1
T gA P(|x—y)v(f) (4.14)

This is going to zero since we can split off this part further into

X Plx—yhvN) =Y Wix—yDuNH+ X Plx—yhvf) (415)

xed xeV xe A\V

where dist(¥V, A°)— 0 as 4 » Z¢ and |V}/|4] < 1.
Secondly, we must look at

1
T ngv Y(Ix—yb) f(7) (4.16)

But this can be treated in exactly the same way if we have indeed
hypothesis (4.11) on te K. |

Remark 4.1. The point Proposition 4.3 makes is that we have
here a situation analogous with the case of unbounded spins, where the
hypothesis on I, ;, is referred to as a regularity condition on the interac-
tion. It is reasonable to expect that these conditions (as formulated in
Proposition 4.3) will be satisfied in interesting examples. We think of £, (o)
as f(o)=Ix, 0), ceK (see (3.6)).

For ve #(K), the specific (negative) entropy

s(v) =li/I‘nT/1—”- v(o) log v(o) 4.17)

aeQ,
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exists in [ —log|S|,0]. For two probability measures v; and v, on
(Q,4, #,), the relative entropy of v, with respect to v, is

S, 1v)= ¥ w(o)log?

ocef2, ( )

(4.18)

(The usual conventions apply). We always have S, >0, and S (v, | v,)=0
if and only if v, =v,.

Consider now a bona fide Gibbs measure u on (£, % ) with respect to
a Hamiltonian . The finite volume specification for a fixed boundary
condition a€ S is

uAa)——Zl;exp[ #4()] (4.19)

Let T, , be a probability kernel from (2, #,) to (2, #,), such that 4
and V are subsets of lattices having the same dimensionality, and with
Va4, and r|V]|=]A4|. Define v{,=u4T, ,, and let v,=pu, T, where 4 is
the restriction of x4 to (2 ,, %#,). By using the monotonicity of the relative
entropy with respect to a (stochastic) transformation T we are led to

Proposition 4.4. Take a sublattice ¥~ of Z“ with dim ¥ =d, and
pick a van Hove volume ¥ < ¥". Then we have

1
hryn)—V—‘SV(m ye)=0 (4.20)

In particular, this holds when ve 2(K) is a weakly Gibbsian measure
obtained from a Gibbs measure u (i.e., v=uT) under a transformation T
(for example, a decimation as in the previous section).

Take T corresponding to a decimation transformation:

T4, v(0,8)=[] Ho(x)=¢(x)) (4.21)

xeV,

forceQ, and £€Q, . We take v=puT, a weakly Gibbsian state obtained
from a Gibbs measure 4. As already seen, v,=u,T, ,=(uT),, but
moreover

vh=u4-[E=7on "Zd\V) T,v (4.22)
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Here u (-] £ =1onrZ?\V) is the restriction to (2 ,, #,) of u conditional
of finding the configuration re K outside ¥ (but on the sites of the
decimated lattice rZ9). Therefore, by using again the monotonicity of
relative entropies, we obtain

Proposition 4.5. Let V be a van Hove volume of ¥” (dim ¥ =d),
and 7€ K. Then we have

1
Sy(vplyy)=0 (4.23)

Now we turn to investigating the pressure (free energy). The set K and
the potential { U} are given as in Section 2.

Proposition 4.6. Suppose v=uT, the decimation of a Gibbs
measure 4, is weakly Gibbsian with respect to (K, { U,}). Furthermore, we
assume that for ve 2(K) we have v(b,) < co. Then the limiting specific free
energy (or pressure)

p= liIVn -IIVI log Z73, (4.24)

exists and it is independent of re K, whenever e(v)=lim, 1/|V| v(H?,)
exists. The conditions in Propositions 4.2 or 4.3 provide sufficient condi-
tions.

Proof. For each Ved& and re K we can use the weakly Gibbsian
measure v to write

Sy(viyy)=Sy(v)+v(H}) +log Z7, (4.25)
On the other hand

lim — §,(v | 7) =0 (4.26)
v |V

for every 7 € K, hence the proposition follows. |
Remark 4.2. From the proof of Proposition 4.6 it is evident that
weakly Gibbsian states fulfilling the conditions above also satisfy the varia-

tional principle

—p=s(v)+e(v) (4.27)

822/89/3-4-7
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We have, however, no converse statement of any sort. We expect that for
a converse statement extra conditions will be needed on (K, {U,}) for
producing a richer theory.

Finally, it is interesting to observe that s(v* | v~ )# 0 (non-vanishing
specific relative entropy) where v* and v~ are the projections to the line
of the pure phases 4 * and u~ of the planar Ising model (see ref. [36]). We
believe, however, that v* and v~ are weakly Gibbsian with respect to the
same potential, even though further decimations yield two Gibbs measures
for two inequivalent potentials, as shown in ref. [26].
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